Abstract. The second welfare theorem and the core-equivalence theorem have been proved to be fundamental tools for obtaining equilibrium existence theorems, especially in an infinite dimensional setting. For well-behaved exchange economies that we call proper economies, this paper gives (minimal) conditions for supporting with prices Pareto optimal allocations and decentralizing Edgeworth equilibrium allocations as non-trivial quasi-equilibria. As we assume neither transitivity nor monotonicity on the preferences of consumers, most of the existing equilibrium existence results are a consequence of our results. A natural application is in Finance, where our conditions lead to new equilibrium existence results, and also explain why some financial economies fail to have equilibria.
Introduction
The welfare theorems and the core-equivalence theorem state important optimal properties of general equilibrium allocations. Loosely speaking, given the technological and resource limitations, individual needs and tastes that define an economy, every equilibrium allocation is as well a Pareto optimal allocation, a core allocation and an Edgeworth equilibrium. Converse results give conditions under which every Pareto optimal allocation can be supported by a non-zero price linear functional such that each consumer minimizes her expenditure and each firm maximizes its profit while every Edgeworth equilibrium is a quasi-equilibrium allocation when associated with an appropriate non-zero price linear functional. These converse results have been proved to be the fundamental tools for obtaining equilibrium existence theorems. Directly or indirectly, their validity in an infinite dimensional setting generally relies either, as in [18] , on an interiority property of the positive cone of the commodity space (assumed to be an ordered topological vector space) or on the so-called properness assumptions made on the characteristics of the economy. In the latter case, the lattice structure of the commodity space plays an essential role in establishing decentralization results.
After the seminal paper of Mas-Colell [28] in 1986, the lattice requirements have been weakened and it is now well-known that for an equilibrium existence theorem, the topology of the vector lattice commodity space need not be locally solid. However, in [20] , [24] , [29] , [30] , [35] , [39] , the commodity space is still assumed to be a vector lattice and the lattice properties are used in the proofs. The aim of this paper is to look at what extent the lattice structure itself of the commodity space can be given up. More precisely, its aim is to state the (minimal) properties that have to be assumed on the order structure of the commodity space for guaranteeing the validity of the decentralization theorems.
A first attempt was done in Aliprantis-Tourky-Yannelis [11] where the characterization of Pareto optimality and Edgeworth equilibrium is given using non-linear prices for decentralizing the relevant allocations. This paper goes further and looks for decentralization with linear prices. We deal with well-behaved exchange economies that we call proper economies. Such economies, defined on a locally convex Hausdorff ordered topological vector space with topologically bounded order intervals, have consumption sets equal to the positive orthant, (semi-) continuous or concave preferences, preferred sets extendable to the entire space as convex sets with a nonempty interior, and the positive total endowment as a common properness direction. We show that necessary and/or sufficient conditions for supporting with continuous linear functionals weakly Pareto optimal allocations and decentralizing with continuous linear prices Edgeworth equilibria of any well-behaved exchange economy can be expressed in terms of the properties of the Riesz-Kantorovich formula associated with a finite list of linear functionals on the commodity space. These properties should be understood as a condition of compatibility between the topology and the order structure of the commodity space. They are implied by the assumption currently made that the commodity space is a vector lattice equipped with a locally convex topology whose positive cone is closed and the topological dual is a vector sublattice of the order dual. They are a-fortiori implied by the assumption that the commodity space is a topological vector lattice, so that we get as consequence of our main results most of earlier results for an exchange economy.
At this point, it is worth recalling that weakly Pareto optimal allocations and Edgeworth equilibria exist under mild conditions on well-behaved economies (for statements and proofs in an infinite dimensional setting, see for example [3] , [11] , [22] , [28] ; see also [12] for a proof of the existence of Edgeworth equilibria in economies with non-compact attainable sets). Their existence does not require any lattice property of the commodity space. Hence, revisiting the main results of welfare economics in infinite dimensional spaces, we actually establish the conditions of possibility of the general equilibrium theory in ordered topological vector spaces.
Our paper is organized as follows. In section 2, we recall the notion of the Riesz-Kantorovich functional associated with a finite list of (linear) functionals, a notion that we put in relation with the concept of sup-convolution, well-known in optimization. In section 3, we define the model and posit assumptions as well on the commodity space as on the characteristics of the economy. Let us emphasize here that we do not assume any kind of monotonicity or transitivity on the preferences of consumers. Sections 4 and 5 are devoted to our main results where we give conditions for supporting Pareto optimal allocations and decentralizing Edgeworth equilibria with continuous linear prices. In the last section, we indicate some consequences of these results regarding the equilibrium existence problem. Most of the currently used commodity spaces are topological vector lattices or at least vector lattices with a lattice ordered topological dual. Section 6 is devoted to examples of commodity spaces that do not satisfy these assumptions and thus are not covered by existing results (e.g. Mas-Colell [28] , Mas-Colell-Richard [30] , among others). Equilibrium models in Finance are the most convincing examples where the commodity (portfolio) space, after re-ordering by the portfolio dominance ordering introduced in [4] , need not be a lattice. We explain why some models fail to have an equilibrium. We also exhibit finite dimensional and infinite dimensional settings that lead to equilibrium existence results not covered by any available theorem. The last example is also of economic interest. The commodity space used by HindyHuang [25] for modeling intertemporal preferences for uncertain consumption in continuous time is a vector lattice but its topological dual is not a lattice. In such a setting, we indicate how to recover equilibrium existence.
Mathematical preliminaries
For details regarding Riesz spaces that are not explained below we refer the reader to [5] and [6] . This paper will utilize the notion of the Riesz-Kantorovich formula that was introduced in [10] and used extensively in [11] . We shall briefly introduce this formula here and refer the reader to [9] for a complete discussion regarding the Riesz-Kantorovich formula.
We start with the following classical result from the theory of partially ordered vector spaces due to F. Riesz and L. V. Kantorovich. Theorem 2.1 (Riesz-Kantorovich). If L is an ordered vector space with a generating cone and the Riesz Decomposition Property, 1 then the order dual L ∼ is a Riesz space and for each f, g ∈ L ∼ and x ∈ L + its lattice operations are given by:
In particular, note that if L has the Riesz Decomposition Property, then for any finite collection of linear functionals
1 The Decomposition Property states that if x, y 1 , y 2 ∈ L + satisfy 0 ≤ x ≤ y 1 + y 2 , then there exist elements
The order dual L ∼ is the vector space consisting of all linear functionals on L which map order intervals of L to order bounded subsets of R, ordered by the relation
For any positive integer m and x ∈ L + define
The formula (⋆) that gives the supremum of the order bounded linear functionals f 1 , . . . , f m is called the Riesz-Kantorovich formula of these functionals. The useful observation here is that if each f i is an arbitrary function from L + to (−∞, ∞], then the right-hand side of (⋆) still defines an extended real number for each x ∈ L + . That is, the formula appearing in (⋆) defines a function from L + to (−∞, ∞] called the Riesz-Kantorovich functional of the m-tuple of functions f = (f 1 , . . . , f m ) and denoted R f . In other words, R f :
for each x ∈ L + . If each f i is a function that carries order intervals to bounded subsets of R, then the RieszKantorovich functional is real-valued. Moreover, if each f i is super-additive and positively homogeneous, then the Riesz-Kantorovich functional R f is also super-additive and positively homogeneous; in particular, it is a concave function. Using as prices the Riesz-Kantorovich functional of a list of personalized prices, a new theory of value was presented in [11] .
Let us now associate with each f i :
If each f i is finite-valued, it is easy to recognize in R f (x) for x ∈ L + the value at x of the sup-convolution 2 of functions f i defined by
Definition 2.2. We will say that R f is exact at x with respect to (
The (eventually empty) set of all supergradients of f at x is called the superdifferential at x of the function f and denoted ∂f (x). The following result (see for example [27, Proposition 6.6.4]) will be used in our work extensively. 
The economic model
We shall deal with pure exchange economies. The commodity space is an ordered linear vector space L equipped with a Hausdorff locally convex topology τ such that:
In what follows, for the sake of notational convenience, M + or M + will denote the positive cone of an ordered linear space M . The topological dual of (L, τ ) (i.e., the vector space of all τ -continuous linear functionals on L) will be denoted L ′ . The algebraic dual of L (i.e., the vector space of all linear functionals on L) is denoted L * . The order dual of L (i.e., the vector space of all order-
If L is a vector lattice, the assumptions A1 and A2 are satisfied by the following ones used by Mas-Colell-Richard [30] and many others:
Both sets of assumptions are implied by Mas-Colell's assumption in [28] and [29] that L is a topological vector lattice; see [5, Theorem 5.7] . On L as commodity space, let us consider an economy
where I = {1, . . . , m} is a finite set of m consumers. Each consumer i ∈ I is characterized by a consumption set X i ⊆ L, an initial endowment ω i and an irreflexive preference correspondence
for each x i ∈ X i ). Let ω = i∈I ω i be the total endowment, and let A ω be the set of all (feasible or attainable) allocations of E, that is,
The following notions of equilibrium and optimality for E are standard. Definition 3.1. A pair (x, p) consisting of an allocation x and a non-zero linear functional p is said to be:
(1) a quasi-valuation equilibrium, if for every
a quasi-equilibrium, if it is a quasi-valuation equilibrium and for every i ∈ I we have p(x i ) = p(ω i ), (3) a valuation equilibrium (resp. an equilibrium), if it is a quasi-valuation equilibrium (resp. a quasi-equilibrium) and if
Definition 3.2. A quasi-valuation equilibrium (resp. a quasi-equilibrium) (x, p) is said to be nontrivial, if for some i ∈ I we have
In this paper, we will be interested only in nontrivial quasi-valuation equilibria or nontrivial quasi-equilibria. 3 We now introduce some special properties of feasible allocations.
Definition 3.3. A (feasible) allocation x is said to be:
2) weakly Pareto optimal, if there is no allocation y satisfying y i ∈ P (x i ) for each i ∈ I, (3) a core allocation, if it cannot be blocked by any coalition in the sense that there is no coalition S ⊆ I and some y ∈ i∈S X i such that: (a) i∈S y i = i∈S ω i , and (b) y i ∈ P i (x i ) for all i ∈ S, (4) an Edgeworth equilibrium, if for every integer r ≥ 1 the r-fold replica of x belongs to the core of the r-fold replica of the economy E.
4
As proved in Florenzano [22] , if preferred sets are convex and open in convex consumption sets containing the individual endowments, an Edgeworth equilibrium is a feasible allocation x such that there exist no τ = (τ i ) i∈I ∈ [0, 1]
I \ {0} and y ∈ i∈I X i such that:
The same holds true without any continuity condition on the preferred sets that are defined in convex consumption sets by concave utility functions.
It easily follows from the previous definitions that every equilibrium allocation is an Edgeworth equilibrium and, consequently, a core allocation and a weakly Pareto optimal and individually rational allocation. In order to get converse statements, we will employ in this paper two notions of properness. The first one corresponds to the one defined by Mas-Colell [28] for complete preorderings.
As remarked by Mas-Colell, the pointwise v-properness at x ∈ P (x) is a necessary and sufficient condition for the preferred set P (x) to be supported at x by a continuous linear functional f such that f (v) > 0. If u : L + → R is concave, the pointwise v-properness of the utility function u at x ∈ cl{y ∈ L + : u(y) > u(x)} is a necessary and sufficient condition for u to be superdifferentiable at x.
5
The second notion of properness, introduced by Tourky [39] , is a stronger one, at least when properness is assumed at x ∈ cl P (x).
We now define the notion of a proper economy.
Definition 3.6. An exchange economy E = X i , P i , ω i i∈I will be referred to as an ω-proper economy, if it satisfies the following properties:
(1) X i = L + and ω i ∈ L + for each consumer i, and ω = i∈I ω i > 0, (2) for each i ∈ I and every weakly Pareto optimal allocation x = (x i ) i∈I we have
The following result will be useful in our work here.
Proposition 3.1. In an ω-proper economy, assume that x is a weakly Pareto optimal allocation and that, for some p ∈ L ′ , (x, p) is a quasi-valuation equilibrium (resp. a quasi-equilibrium). Then (x, p) is nontrivial if and only if p(ω) > 0.
Proof. Assume that x = (x 1 , . . . , x m ) is a weakly Pareto optimal allocation and that (x, p), with p ∈ L ′ , is a quasi-valuation equilibrium (resp. a quasi-equilibrium) for an ω-proper economy with m consumers and total endowment ω.
If the quasi-valuation equilibrium (resp. quasi-equilibrium) (x, p) is nontrivial, then, in view of properties (a) and (b) in part (2) of Definition 3.6, for some i, we have p(x i + ω) > p(x i ). This implies that p(ω) > 0. 5 The existence of Lagrange multipliers for a convex programming problem will be used at several instances in this paper. A simple proof can be found in Barbu For the converse, assume that p(ω) > 0. The ordered subspace
is Archimedean (a property inherited from L of which the positive cone is closed) and has ω as an order unit. 7 Its order topology (i.e., the finest locally convex topology on L ω for which every order interval is bounded) is normable (see Schaefer [38, Chapter V 6.2] ). More precisely, the gauge p ω of [−ω, ω], defined by z ω = inf λ > 0 : − λω ≤ z ≤ λω , is a norm on L ω , so that for the order topology, ω is an interior point of L 
, and therefore p = 0 on L ω , contrary to p(ω) > 0.
Supporting Pareto optimal allocations
For any m-tuple of continuous linear functionals f = (f 1 , . . . , f m ) on L, recall that, in view of the assumption A2 and the continuity of the f i , the Riesz-Kantorovich functional R f is finite-valued and for each z ∈ L + is defined by the formula
The main result of this section is the following: Theorem 4.1. In our model the following conditions are equivalent:
(1) For each ω-proper economy with total endowment ω > 0, every weakly Pareto optimal allocation is a nontrivial quasi-valuation equilibrium for some τ -continuous price. 
Proof. Pick m continuous linear functionals
We have clearly defined an ω-proper economy with total endowment ω and linear utility functions f 1 , . . . , f m , for which x is a Pareto optimal allocation. So, according to our hypothesis, there exists some f * ∈ L ′ that supports the Pareto optimal allocation x as a nontrivial quasi-valuation equilibrium. In other words, f * (ω) > 0 and for each i the bundle x i minimizes f * (y i ) under the 7 That is, the order interval [−ω, ω] is radial at the origin.
Therefore, R g is exact at ω with respect to x = (x 1 , . . . , x m ). From Theorem 2.3, we see that
Consequently, as 0 = f
Before proving the reverse implication, let us recall a convexity result due to Podczeck [35] . In order to keep this paper self-contained, we state the result and present a simplified proof.
Lemma 4.3 (Podczeck)
Proof. Consider the set Z = (y ′ , r) : ∃ z ∈ Y and m ∈ M + such that y ′ = z − m and r > p(m) .
From our assumptions, it follows that Z is a non-empty, open, and convex subset of L × R and that 0, p(y) / ∈ Z. By the classical separation theorem, there exists a non-zero (π, t) ∈ L ′ × R, such that tp(y) < π(z) − π(m) + tr, (⋆) for all z ∈ Y , for all m ∈ M + , and for all r > p(m).
We claim that t > 0. To see this, assume first that t < 0. Then letting m = y and r = p(m) + 1 in (⋆) we get tp(y) ≤ π(z) − π(y) + t[p(y) + 1] or −t ≤ π(z) − π(y) for all z ∈ Y . Since y ∈ Y , we get −t ≤ 0 or t ≥ 0, a contradiction. Now assume that t = 0. Then (⋆) implies that 0 < π(z) − π(m) for all z ∈ Y and all m ∈ M + . Since Y ∩ M + = , we see that 0 < 0, which is impossible.
Replacing π by π t , we can assume that t = 1. This and (⋆) imply
for all z ∈ Y and all m ∈ M + . Since y ∈ Y , we get
. Also, letting m = 0 in (⋆⋆), we get p(y) ≤ π(y). Therefore, π(y) = p(y), and the proof is finished.
We are now ready to finish the proof of Theorem 4.1.
Lemma 4.4. In Theorem 4.1 : (2) =⇒ (1).
Proof. Assume that x = (x 1 , . . . , x m ) is a weakly Pareto optimal allocation for an ω-proper economy with m consumers and total endowment ω > 0. Recall that the ordered subspace
endowed with the finest locally convex topology on L ω for which every order interval is topologically bounded is normable. More precisely, the gauge p ω of [−ω, ω] is a norm on L ω and ω is an interior point of L + ω . As the order intervals of L are τ -bounded, observe incidentally that the order topology is finer than the topology induced by τ on L ω . We will denote by L ′ ω the topological dual of L ω for the order topology.
Let us now consider E | Lω the economy deduced from E where consumers are restricted to L ω . Clearly, x = (x 1 , . . . , x m ) is a weakly Pareto optimal allocation of E | Lω . Since the order topology on L ω is finer than τ when restricted to L ω , it follows that the economy E | Lω is ω-proper. In addition, we claim that each restricted preferred set on L ω at x i has a nonempty interior. To see this, choose a τ -neighborhood V of zero such that x i + ω + V ⊂ P i (x i ). Since V is also a · ω -neighborhood of zero, there exists some 0 < ǫ < 1 such that B(0, ǫ) ⊂ V , and so
The local nonsatiation of preferences (in E | Lω ) at each x i follows from the ω-properness of the preferences. Indeed, observe that for each 0 < λ < 1 we have
Now, as in Debreu [18] , there exists some non-zero
Looking at the proof of Proposition 3.1, one sees immediately that (x, p) is a nontrivial quasivaluation equilibrium and that p(ω) > 0. Applying Lemma 4.3 with M = L ω , Y the interior of the convex set P i (x i ), y = x i , and p the price satisfying ( †), we obtain for each i a τ -continuous linear functional π i on L such that π i| Lω ≤ p and
Since x i + ω ∈ int P i (x i ), one deduces that π i (ω) > 0. On the other hand, y i ∈ L + for each i and
From this it follows that for the list
m the Riesz-Kantorovich formula R π is exact at ω with respect to x = (x 1 , . . . , x m ). In view of our assumption (2), there exist
. The concavity of R g implies that local no-satiation at every ω
Let p ∈ L ′ be such that p(ω) > 0 and
In view of the previous remark, we have
Now observe that if ω
. Hence y ∈ P i (x i ) implies p(y) ≥ p(x i ), which proves that (x, p) is a quasi-valuation equilibrium of the ω-proper economy. This quasi-valuation equilibrium is nontrivial in view of Proposition 3.1.
Decentralizing Edgeworth equilibrium allocations
The result we will prove in this section is the following: Theorem 5.1. Consider the following three statements.
(1) If (f 1 , . . . , f m ) is a list of continuous linear functionals such that f i (ω) > 0 for each i and R f is exact at ω with respect to some x = (x 1 , . . . , x m ) ∈ A m ω , then the Riesz-Kantorovich functional R f is ω-proper at ω. (2) If E is a proper economy on L with total endowment ω > 0, then for any Edgeworth equilibrium x of E there exists some p ∈ L ′ such that (x, p) is a nontrivial quasi-equilibrium. In the next proposition, we give sufficient conditions for decentralizing any Edgeworth allocation of a proper economy as a personalized quasi-equilibrium 8 with respect to a list of continuous personalized prices π = (π 1 , . . . , π m ) such that π i (ω) > 0 for each i = 1, . . . , m. More precisely, the following proposition extends statement (1) of Theorem 7.5 in Aliprantis-Tourky-Yannelis [11] .
Proposition 5.1. Let E = X i , P i , ω i i∈I be a proper economy with total endowment ω > 0. If (x 1 , . . . , x m ) is an Edgeworth equilibrium, then there exists a list (π 1 , . . . , π m ) of τ -continuous linear functionals satisfying π i (ω) > 0 for each i and such that:
Proof. Let E = X i , P i , ω i i∈I be a proper economy with total endowment ω and let (x 1 , . . . , x m ) be an Edgeworth equilibrium of E. As in the proof of Lemma 4.4, we define the ordered subspace
and consider the economy E | Lω obtained from E when consumers are restricted to L ω . It is easily checked that x is an Edgeworth equilibrium of E | Lω . As already noticed in the proof of Lemma 4.4, the economy E | Lω is ω-proper and each restricted preferred set at x i has a nonempty interior for the order topology of L ω . Local nonsatiation of preferences (in E | Lω ) at each x i follows from the ω-properness of preferences. It is then standard (see, for example, [20, Proposition 4.1] ) that there is some non-zero p ∈ L ′ ω such that (x, p) is a quasi-equilibrium of E | Lω . Looking at the proof of Proposition 3.1, one sees also that (x, p) is a nontrivial quasi-equilibrium and that p(ω) > 0. Thus for every i we have
As in the proof of Lemma 4.4, applying Lemma 4.3, we get for each i a τ -continuous linear functional π i on L such that π i| Lω ≤ p and
from which we deduce π i (ω) > 0. Therefore, for the list (π 1 , . . . , π m ) we have R π (ω) > 0, and this establishes (1) . In view of π i| Lω ≤ p, we see that R π (x i ) ≤ p(x i ), and (2) follows at once from (5.1). On the other hand, for each α ∈ R I + , we have
which proves (3). Now, (3) and the super-additivity of R π imply that
, which completes the proof of (4) and the proof of the Proposition. The next lemma states that (1) implies (2) Then for every Edgeworth equilibrium x of any ω-proper economy E with total endowment ω, there exists π ∈ L ′ such that (x, π) is a non-trivial quasi-equilibrium.
Proof. Let x be an Edgeworth equilibrium of the economy E. Recall that according to the proof of Proposition 5.1 there exist:
(1) some price p ∈ L ′ ω such that (x, p) is a non-trivial quasi-equilibrium price for the economy E | Lω , and (2) a list of τ -continuous prices π = (π 1 , . . . , π m ) that satisfies the properties listed in Proposition 5.1 and π i| Lω ≤ p for each i. It follows that p(ω) > 0. So, replacing p by p p(ω) , we can assume that p(ω) = 1. Also, according to Proposition 5.1, we have R π (ω) > 0, and so by normalizing appropriately we can assume that
. By the ω-properness of R π at ω, we get the existence of P (ω) such that 2ω is a τ -interior point of P (ω) and P (ω) = P (ω) ∩ L + . Clearly,
The last observation can be rephrased as X ∩ P (ω) = .
Let a non-zero π ∈ L ′ separate P (ω) and X. From π(2ω) > π(ω), we deduce π(ω) > 0, so that we can assume π(ω) = p(ω) = 1.
We next claim that
So, there exist two real numbers λ 1 ≥ 0 and λ 2 ≥ 0 such that
Recalling that for the order topology of L ω the bundle ω is an interior point of L + ω , we deduce that (λ 1 , λ 2 ) ≫ 0. Letting λ = λ 2 /λ 1 , we obtain that π(ω
Since ω is an interior point of L + ω , it follows that π = λp on L ω . Taking into account that π(ω) = p(ω) = 1, we conclude that λ = 1, and so p = π on L ω .
Finally, notice that
which shows that (x, π) is a quasi-equilibrium of E. As π(ω) > 0, it follows from Proposition 3.1 that this quasi-equilibrium is nontrivial.
We are now ready to prove that (2) implies (3) in Theorem 5.1.
Lemma 5.3. Assume that for each proper economy E on L with total endowment ω and each Edgeworth equilibrium allocation x of E there exists p ∈ L ′ such that (x, p) is a nontrivial quasiequilibrium.
Then for any finite list of continuous linear functionals (f 1 , . . . , f m ) such that f i (ω) > 0 for each i and R f is exact at ω with respect to some x = (x 1 , . . . , x m ) ∈ A m ω , the Riesz-Kantorovich functional R f is pointwise ω-proper at ω.
Proof. Pick m continuous linear functionals (f 1 , . . . , f m ) such that f i (ω) > 0 for each i and let
Let us first remark that it follows from the super-additivity of R f that
This implies that
Without loss of generality, we can assume R f (ω) = 1, so that the economy E with individual endowments R f (x 1 )ω, . . . , R f (x m )ω and linear utility functions f 1 , . . . , f m is clearly an ω-proper economy with total endowment ω.
We first claim that x is an Edgeworth equilibrium of E. To see this, assume by way of contradiction that there exist τ = (τ i )
and it follows from the super-additivity and the positive homogeneity of R f that
a contradiction. This establishes the validity of the claim. Let now π ∈ L ′ be such that π(ω) > 0 and for every
Without loss of generality, we can assume π(ω) = 1, so that f i (x i ) = π(x i ) > 0 for some i. Now for each i let λ i > 0 be such that
Letting y i equal 0 and 2x i , we get λ i = 1, so that for each i we have
we see that Γ ω satisfies the required properties for R f to be ω-pointwise proper at ω.
Examples
Most of the currently used commodity spaces are Banach lattices. It is the case for example of
, the space of countably additive signed measures on a compact metric space X, with their natural orders and their norm-topologies. The same space M(X), endowed with the weak-star topology relative to its predual C(X), M(X), σ(M(X), C(X)) , is not a topological vector lattice but satisfies Assumptions B1 and B2. The same is true for the space L of right continuous real valued functions of bounded variation defined on [0, 1], equipped with a topology such that its topological dual L ′ is a lattice in its order dual and order intervals are weakly compact. Hindy, Huang and Kreps [26] exhibit a family of norm topologies on L which satisfy this requirement. It is precisely in order to get an equilibrium existence theorem for these commodity-price dualities, especially appropriate for modeling differentiation of commodities (resp. consumption patterns in a continuous time setting), that were elaborated the previous assumptions. Under such assumptions, it follows from the Riesz-Kantorovich theorem that the Riesz-Kantorovich functional satisfies any desired property referred to in Theorems 4.1 and 5.1. If one notices that this paper deals with non-ordered preferences and does not assume any monotonicity of preferences, the equilibrium existence results which can be obtained using Theorems 4.1 or 5.1 generalize most of the equilibrium existence results which can be found in the literature.
We now present a few examples of commodity spaces that satisfy Assumptions A1 and A2 and are not vector lattices. For models defined on such commodity spaces, Theorems 4.1 and 5.1 give useful criteria in order to know if one can hope to get an equilibrium existence theorem.
Before we present our examples we state a result of T. Andô that characterizes the Decomposition Property.
Theorem 6.1 (Andô [13] ). Let L be an ordered Banach space with a closed generating cone whose intervals are norm bounded. Then L has the Riesz Decomposition Property if and only if its norm dual L ′ has likewise the Riesz Decomposition Property.
Example 6.2. Consider the vector space Clearly, assumptions A1 and A2 are satisfied. Also, as noticed above, L ′ is a vector lattice and hence the Riesz-Kantorovich functionals are all linear. In particular, they are ω-proper at any ω > 0.
In models of finance, L is a portfolio space. As each portfolio is associated with a random payoff, an investor expects to receive when holding the portfolio, it is natural to (re)-order L by the portfolio dominance order, as introduced in Aliprantis-Brown-Polyrakis-Werner [4] . Given an ordered vector payoff space X and a one-to-one linear operator R : L → X, the vector space L is ordered by the portfolio ordering
If moreover, investors are constrained to have non-negative end-of-period wealth, their portfolio set is equal to the cone of positive payoff portfolios that we will denote by K. The three next examples address this interpretation.
Example 6.4. Let L = R ℓ be ordered by a closed convex pointed and generating cone K. It follows that K has a non-empty interior and that the order intervals of L are compact. In this case, it is well-known that K has the decomposition property if and only if K has exactly ℓ extremal rays, i.e., if and only if K is a lattice cone. Now fix ω > 0 (i.e., ω = 0 and ω ∈ K) and pick m linear functionals (f 1 , . . . , f m ) such that f i (ω) > 0 for each i. If ω is in the interior of K, then R f is ω-proper at ω.
For the points ω that do not belong to the interior of K, we now consider three cone cases.
CASE 1:
The cone K is polyhedral 10 with exactly ℓ extremal rays.
In this case K is a lattice cone and the Riesz-Kantorovich functionals are linear and consequently are ω-proper at ω.
CASE 2:
The cone K is polyhedral with a number of extremal rays exceeding ℓ.
In this case we have the following properties.
(1) K is closed. • Assume that R ℓ is ordered by a (closed), pointed and generating, polyedral convex cone K that has at least (ℓ+1) extremal rays. For ω > 0 and any finite list f = (f 1 , . . . , f m ) of linear functionals on L such that f i (ω) > 0 for each i, there exists a convex and open set P (ω) containing 2ω such that if
Proof. Express the set R(ω) as the set of solutions to a certain system of inequalities, say R(ω) = z ∈ R ℓ : a i · z ≥ α i for all i ∈ I , where the finite set I of linear inequalities is minimal. In view of the positive homogeneity of R f , one can assume α i ≥ 0 for each i. Set I ′ = {i ∈ I : α i > 0}. Since R f (ω) > 0, it follows that 0 / ∈ R(ω) and hence I ′ is nonempty. Let us denote by I(ω) the level set
10 In R ℓ , a polyhedral convex cone is a set which can be expressed as the intersection of finitely many closed half-space whose boundary hyperplanes pass through the origine. Equivalently, if the cone is pointed then it has finitely many extremal rays; see [23, Proposition 3.2.2].
Claim 1. I(ω) = J(ω).
Assume first z ∈ I(ω) and z / ∈ J(ω). So, for each i ∈ I ′ we have a i · z > α i . This implies that there is some 0 < λ < 1 such that a i · λz > α i for all i ∈ I ′ . Now if i / ∈ I ′ , then α i = 0 and so a i · (λz) ≥ 0 and therefore λz ∈ R(ω). On the other hand, z ∈ I(ω) implies
which is a contradiction. Conversely, assume z ∈ J(ω) and z / ∈ I(ω). It follows that
R f (z) , then 0 < λ < 1 and R f (λz) = R f (ω). Hence λz ∈ I(ω) ⊂ R(ω) and thus a i · λz ≥ α i for all i ∈ I. Now notice that since z ∈ J(ω), there is some i such that a i · z = α i > 0. In particular for the vector λz ∈ R(ω) we have a i · λz = λa i · z < α i , contrary to λz ∈ R(ω). Clearly, Claim 1 implies
Now note that P (ω) is a nonempty convex open set and that P (ω) ⊂ P (ω) ∩ K.
Claim 2. 2ω ∈ P (ω).
To see this, let
Recall first that if for some i ∈ I one has a i ·z > α i for all z ∈ R(ω), then the inequality a i ·z ≥ α i can be removed from the expression of R(ω) as R(ω) = z ∈ R ℓ : a i · z ≥ α i for all i ∈ I . Since the finite set of linear inequalities I is minimal, this proves the first assertion.
To prove the second assertion, assume by way of contradiction that there exist i / ∈ I ′ and z ∈ K satisfying a i · z < 0. Let u ∈ R(ω) be such that a i · u = 0. Since R f (u) ≥ R f (ω) > 0, it follows from the continuity at u of R f that the exists some z ′ ∈ K such that a i · z ′ < 0 and R f (z ′ ) > 0. Using the positive homogenity of R f , we can find some λ ≥ 1 such that R f (λz
Let z ∈ P (ω) ∩ K. In view of the definition of P (ω), we have only to prove that z ∈ R(ω), i.e., that z satisfies all the inequalities defining R(ω). For i ∈ I ′ , this follows from z ∈ P (ω); for i / ∈ I ′ , this follows from z ∈ K and the previous claim.
CASE 3:
The cone K is not polyhedral.
In the "ice cream cone" case K = (x 1 , x 2 , x 3 ) ∈ R 3 : x 3 ≥ x 2 1 + x 2 1 on R 3 , one can construct (as in [8] and [31] ) a two-consumer proper linear exchange economy that does not have any non-trivial quasi-equilibrium. It can be shown that in such an economy for certain linear utility functions the Riesz-Kantorovich functional R f does not satisfy the properties required at ω in Theorems 4.1 and 5.1. For the Hilbert space case (i.e., p = 2) one can verify the following properties.
(1) The positive cone K 2 is closed and has a non-empty interior-and hence is generating.
(2) The cone K 2 is not a lattice cone.
The order intervals are norm bounded. (4) The dual cone of K 2 coincides with K 2 . This is an example of an ordered vector space that satisfies Assumptions A1 and A2. In this case, for each ω in the interior of K 2 any Riesz-Kantorovich functional R f that satisfies R f (ω) > 0 is automatically ω-proper at ω. Example 6.6. Let L be the vector space Φ of all eventually zero sequences equipped with the inductive limit topology ξ generated by the family of all its finite dimensional vector subspaces 11 and ordered by a (convex) cone K on which we make the following hypothesis:
• K = ∞ n=1 K n is pointed (i.e., K ∩ (−K) = {0}), generating (i.e., K − K = Φ), and is the union of a countable family of finite dimensional polyhedral convex cones K n such that each K n is an extremal subset 12 of K n+1 .
As proved in [7] , the cone K is ξ-closed and the order-intervals of Φ are ξ-compact. Moreover, for ω > 0 (i.e., ω ∈ K and ω = 0) and any finite list f = (f 1 , . . . , f m ) of continuous linear functionals on (E, ξ) such that f i (ω) > 0 for each i, the Riesz-Kantorovich functional R f is ω-proper at ω. This setting extends the case where, as in Aliprantis-Brown-Polyrakis-Werner [4] , K is a Yudin cone. It is used in [7] for proving the existence of a non-trivial quasi-equilibrium of an ω-proper financial economy E = (Φ, ξ, ≥ R ), (K, P i , ω i ) m i=1 with ξ-continuous individual preferences P i .
Our last example extends to uncertainty the framework designed by Hindy, Huang and Kreps [26] for modelling consumption patterns in a continuous time setting. It shows how to recover an equilibrium existence result of Bank and Riedel [17] under weaker assumptions on the preferences of the agents.
Example 6.7. Given a filtered probability space (Ω, F, F t0≤t≤1 , P ), let L+ be the set of all adapted stochastic processes with positive, increasing and right continuous sample paths and the positive cone of the vector lattice L = L + − L + of all adapted stochastic processes with integrable total variation. When L is equipped with a topology which generalizes the topology defined by Hindy-Huang-Kreps, the topological dual L ′ is not a lattice, so that the Mas-Colell-Richard theorem does not apply and the equilibrium existence problem for an e-proper exchange economy E = (X i , P i , e i ) i∈I with a total initial endowment e = i∈I e i > 0 remains an open issue, solved by 11 The inductive limit topology generated on a vector space M by the family of all its finite dimensional vector subspaces is the finest locally convex topology ξ M such that for each finite dimensional vector subspace F equipped with its Euclidean topology the natural embedding i : F ֒→ (M, ξ M ) is continuous. 12 The convex cone Kn is an extremal subset of the convex cone K n+1 if and only if x = y + z, x ∈ Kn and y, z ∈ K n+1 imply that y, z ∈ Kn.
Bank-Riedel [17] under special assumptions on the utility functions representing the preferences of consumers. If preferences are represented by utility functions, using Theorem 3.1 of Allouch-Florenzano [12] , one can show that E has Edgeworth equilibria. Starting with an Edgeworth equilibrium allocation x = (x 1 , . . . , x m ), and recalling that L has the decomposition property but that L ′ is not a vector lattice in the order dual L ∼ , our proposition 5.1 shows that the e-proper economy E has a nontrivial quasiequilibrium (x, p) whose price does not necessarily belong to L ′ .
